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Abstract

We show that when the number of sources is constant the sparsest cut problem is solvable in polynomial time.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The sparsest cut problem is a well-studied optimiza-
tion problem arising in various contexts.

Problem 1.1 (Sparsest cut problem). Let G= (V , E)

be a connected undirected graph with integral edge ca-
pacities ce �0. Consider a set of source–sink pairs, T =
{(s1, t1), . . . , (sl, tl)} ⊆ V × V . An integral demand
di �0 is assigned to each pair (si, ti). Let dem(E′)
be the demand separated by a cut E′ := (U ; V \U):
dem(E′) = ∑

i:|{si ,ti }∩U |=1di. Find a cut E′ that min-
imizes the sparsity, c(E′)/dem(E′), where c(E′) de-
notes the capacity of E′.

Notice that we may assume there is no zero capac-
ity cut. Otherwise, we can easily construct a trivial
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solution, or reduce the problem into smaller one(s).
The problem is NP-hard [4]. If there are k vertices that
cover all the pairs of T, then it will be referred to as a
k-source sparsest cut problem. In this paper, we show
that the k-source sparsest cut problem is solvable in
2O(k) × a polynomial time of input size. Therefore, the
sparsest cut problem is polynomial when the number
of distinct sources is fixed. This work was motivated
by the following application.

Example 1.2 (K-server-net vulnerability). Consider
an undirected graph G = (V , E) with k servers,
{s1, . . . , sk} ⊆ V . The service of si has utility dv,i �0
to each user v ∈ V . Each edge is assigned a destruc-
tion cost by ce �0. If an edge set E′ ⊆ E is removed
from G, some users will be disconnected from servers.
The maximum disconnected utility per unit effort is a
natural measure of the vulnerability of the network.
Then, the problem is to compute maximum ratio of the
disconnected utility dscn(E′) to the edge-destruction
cost c(E′): maxE′⊆E{dscn(E′)/c(E′)}.

http://www.elsevier.com/locate/orl
mailto:cbc@optima.snu.ac.kr


740 S.-P. Hong, B.-C. Choi / Operations Research Letters 35 (2007) 739–742

Although there is no upper bound on the number of
connected components of G\E′ in Example 1.2, the
argument of Proposition 5.1 in [8] can be used to infer
that the maximum is achieved when G\E′ has exactly
two connected components. Hence, the k-server-net
vulnerability is the special case of the sparsest cut
problem where each of k sources has O(|V |) sinks and
is polynomially solvable when k is a small constant as
usually the case for a server network.

It is well known that the dual of the maximum con-
current flow problem [7] is an LP-relaxation of the
sparsest cut problem. The worst case ratio between the
sparsest cut and the maximum concurrent flow val-
ues has been intensively studied in establishing multi-
commodity version of max-flow min-cut theorems pi-
oneered by Leighton and Rao [3]. Along the line of
research, Günlük [2] studied the k-source sparsest cut
problem in improving the previous ratio, O(log l) to
O(log k) (recall that l is the number of source–sink
pairs in T), although he did not discuss how to solve
the sparsest cut problem exactly in this case.

We also note that the polynomiality of the 2-source
sparsest cut problem follows from that the maximum
concurrent flow value provides the exact sparsest cut
value when the graph induced by the source–sink pair
edges is the union of two stars [5]. Readers are referred
to Chapter 72 of [6] for some other special cases of
the integrality gap of 1.

2. Polynomiality of case with fixed number of
sources

In this section, we consider the k-source sparsest
cut problem with the sources S={s1, s2, . . . , sk} ⊆ V .
Assume that each vertex v ∈ V has demand dv,i for
each si ∈ S. We will show that the k-source sparsest
cut problem is solvable in 2O(k) × a time polynomial
in input size. In doing so, we first argue that for a
fixed subset Q ⊆ S, the following problem is polyno-
mially solvable via a parametric min-cut problem on
an augmented graph.

Problem 2.1. Given Q ⊆ S, compute an optimal Q-
cut that minimizes the sparsity c(E′)/dem(E′), where
by a Q-cut we mean a cut E′ := (U ; V \U) with Q ⊆
U and (S\Q) ⊆ (V \U). The sparsity of an optimal
Q-cut will be denoted by �Q.

Fig. 1. The cut separating Q ∪ R̄ from Q̄ ∪ R. Solid, dotted and
thick lines, respectively, represent the original graph, augmented
part, and cut edges E′ ∪ F ′.

Then, as there are 2k possible Q’s that U of an
optimal solution (U ; V \U) of a k-source sparsest cut
problem can contain, the polynomiality of the case
with a fixed k will follow.

The augmented graph G̃ and parametric min-cut
problem are defined for a fixed Q ⊆ S as follows.
Augment k super-sinks {t1, t2, . . . , tk} to G and con-
nect each v ∈ V to each of the super-sinks with a new
edge {v, ti}. Assign each edge {v, ti} the capacity of
�dv,i with a parameter � > 0. Also define the new de-
mand between si and ti to be Di =∑

v∈V dv,i . Denote
Q̄ = S\Q, R = {ti |si ∈ Q}, and by R̄ the rest of the
super-sinks. Consider the problem to find a minimum
capacity cut that separates Q ∪ R̄ from Q̄ ∪ R in G̃.
Throughout this paper, such a cut will be expressed as
E′ ∪F ′ where E′ ⊆ E while the edges of F ′ are new.
See Fig. 1.

Lemma 2.2. The sparsity of a cut E′ ∪ F ′ in G̃ is

c(E′) + ∑
v,i:{v,ti }∈F ′�dv,i

∑
iDi

= c(E′) + ∑
v,i:{v,ti }∈F ′�dv,i

∑
{si ,v} separated by E′dv,i + ∑

v,i:{v,ti }∈F ′dv,i

.

(1)

Proof. By the construction, the numerator is the ca-
pacity of the cut E′ ∪ F ′. As every source–super-sink
pair is disconnected, the separated demand is

∑k
i=1Di

and hence it suffices to show the equality of the two
denominators. But, due to the cut separating Q ∪ R̄
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from Q̄ ∪ R, for each i, every v ∈ V should be
disconnected from either si or ti , but never both. (See
Fig. 1.) Hence the equality follows. �

As
∑

iDi is constant, Lemma 2.2 implies the equiv-
alence between minimization of the cut-capacity and
the sparsity (1) over the cuts separating Q ∪ R̄ from
Q̄∪R in G̃. Therefore, for each � and Q, a cut E′ ∪F ′
both separating Q ∪ R̄ from Q̄ ∪ R and minimizing
the sparsity (1) can be computed in polynomial time
using a max-flow algorithm.

Lemma 2.3. For every ���Q, in computing a cut
E′ ∪ F ′ separating Q ∪ R̄ from Q̄ ∪ R that minimizes
the sparsity (1), we can always choose one satisfying∑

{si ,v} separated by E′ dv,i > 0.

Proof. From ���Q, G has a Q-cut E′′ := (U ; V \U)

with c(E′′)��
∑

{si ,v} separated by E′′dv,i . Define F ′′ =
{(v, ti) : v ∈ U and ti ∈ R, or v ∈ V \U and ti ∈
R̄}. Then, E′′ ∪ F ′′ is a cut separating Q ∪ R̄ from
Q̄ ∪ R whose sparsity (1) is ��, as easily seen. Let
E′ ∪ F ′ be a cut separating Q ∪ R̄ from Q̄ ∪ R that
minimizes (1).

Suppose that Q is a proper subset of S. Then,
as E′ �= ∅, we have c(E′) > 0. Therefore, if∑

{si ,v} separated by E′dv,i = 0, then the sparsity (1) of
E′ ∪ F ′ is > �, which contradicts the optimality of
E′ ∪ F ′.

Suppose, on the other hand, that Q=S. Then, from
the min-cuts separating Q ∪ R̄ = Q and Q̄ ∪ R = R,
we can always choose one, say E′ ∪F ′ with the small-
est Q-side (for instance, by a search algorithm on the
residual capacity network obtained after the termina-
tion of a max-flow algorithm). Since ���Q and the
sparsity (1) is equal to � when E′=∅, this will guaran-
tee E′ �= ∅ and hence, c(E′) > 0. Thus, again the opti-
mality of E′∪F ′ implies

∑
{si ,v} separated by E′dv,i > 0.

�
Now, we state some easy but useful facts without

proof.

Lemma 2.4. Let x be a nonnegative variable, y a pos-
itive variable, c and d constants. Then, (x+c)/(y+d)

is minimized if and only if x/y is. Hence, if z is an-
other nonnegative variable, then (x + cz)/(y + dz) is
minimized if and only if x/y is.

Proposition 2.5. Problem 2.1 is solvable by finding
the smallest ��0 such that an optimal solution E′∪F ′
of the min-cut problem has the sparsity (1) equal to �.
Furthermore, in that case we have � = �Q and E′ is
an optimal solution of Problem 2.1.

Proof. Suppose � < �Q. Then any Q-cut, E′, satisfies
c(E′) > �

∑
{si ,v} separated by E′dv,i . The sparsity (1) is

then greater than � for any cut separating Q∪ R̄ from
Q̄ ∪ R.

Suppose, on the other hand, that ���Q. By Lemma
2.3, any min-cut E′ ∪F ′ separating Q∪R̄ from Q̄∪R

has
∑

{si ,v} separated by E′dv,i > 0. Note that the second
terms in the numerator and denominator of (1) are the
same up to the factor of �. By Lemma 2.4, for a fixed
�, (1) is minimized exactly when

c(E′)
∑

{si ,v} separated by E′dv,i

(2)

is minimized to be �Q. Thus, E′ is an optimal solution
of Problem 2.1. Since ���Q, this also means that
E′ ∪ F ′ gives the sparsity (1) ��. If, in particular,
� = �Q, then it is easy to see that the sparsity (1) is
equal to �. �

Such a � can be found by a binary search on an
interval containing �Q. Let cmax (dmax) be the maxi-
mum value of an edge cost (a demand, respectively).
An easy upperbound on �Q is then cmax|E|. As the de-
nominator of any sparsity is no greater than dmaxl, an
interval with length less than 1/dmaxl cannot contain
more than one sparsity value. Hence, we can find �Q

in log(l|E|cmaxdmax) binary search queries for each
Q ⊆ S. The total computation for the k-source spars-
est cut problem is, therefore, 2k× the time for solving
a parametric max-flow problem on G̃.

Remark 2.6. The increasing monotonicity of capac-
ities in � of the arcs to the super-sinks of R does not
satisfy the assumption requiring them monotone non-
increasing, for a parametric max-flow problem to be
solvable in time of a single max-flow algorithm [1].
However, the simple structure leaves an open ques-
tion if a more efficient method than the straightfor-
ward binary search, a strongly polynomial method, for
instance, is possible.
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